MATHIEU'S SERIES: INEQUALITIES, ASYMPTOTICS AND 
POSITIVE DEFINITENESS 



VIKTOR P. ZASTAVNYI 



\ Abstract. Inequalities, asymptotics and, for some specific cases, asymptotical 

• expansions were obtained for generalized Mathieu's series. A connection between 

I inequalities for Mathieu's series and positive definite and completely monotonic 

. functions. 

^ '. 1. Introduction 

^ I In 1890 Emile Leonard Mathieu [T] conjectured that the inequality 

is valid. The first proof of (11. ip was published in 1952 in Berg [2]. It was mentioned 
that, in case < t < \/2 inequality (II. ip follows from inequalities Schroder pi c. 259] 

>■ S(t)c ' I ^ I ^ '^^"^'^ 0<t<2 

(l + t2)2^(4 + t2)2^4 + t2 t2 ^2(1 + ^2)2(4 + ^2)2' - ' 

O : r- 

and, in case t > v2 he applied the summation formula of Euler-Maclaurin. 

In 1956 van der Corput and Heflinger got the estimation of remainder term 
in the summation formula of Euler-Maclaurin for sufficiently vide classes of the 
Q-^ I functions. The inequality ( 11. ip follows from this estimation for every t > If 

O ■ < t < 1, then the function ^-^2^^2)2 is strictly decreasing with respect to x G [1, +00) 

and, consequently, S{t) < ^-^^^2)2 + (x^^+t^)^ ^ They also mentioned the error 
^ ' in Emersleben [5] which can be corrected. Emersleben has resulted two statements 

■ from which the inequality p.ip follows: 1) for every natural t G N the inequality 

t'^S(t) < 1 + holds; 2) the function t'^S{t) is strictly increasing for t > 0. The 
proof of the second statement contains an error. The monotonicity of the function 
t'^S(t) was proved in 

In 2007 author obtained the following proof of the inequality (11. ip . Let F{x) = 
-^rzi, then F{0) = 1 and for every t 7^ the next well-known equality 

e~^^x sintx dx = - Fix) sintx dx = 



^ (fc2 + t2)2 -l^J J 
k=i^ ' k=i -"^ 







1 1 



—F'{x)) costx dx 



valid. Using the result of Polya [H §6, VII], [H Theorem 4.3.1]: if f is convex 
downwards on [0, +00) and /(+00) = 0, then f{x) costx dx > for t ^ 0. If, in 
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addition, / is not a piecewise linear function with equidistant nodes then the last 
integral is strictly greater than zero (see, for example, Zastavnyi [8]). It is easily can 
be checked that F'(+oo) = F(^)(+oo) = and F^^\x) = j^rziji di^)^ where g{x) = 

e2^(3 - x) - 4xe^ - (x + 3) = - '£n=5 "n^;", a„ = ^""'^"J^^"^^" > 0, n > 5. Then, 
for every x > the inequalities F^^\x) < 0, F^'^\x) > 0, F'{x) < hold. After 
application the Polya's result to the function f{x) = —F'{x) the inequality p.ip 
follows. 

In 1957, Makai [9] proved the inequality (11.11) by the following arguments. It is 
easy to check that, for every G N, t 7^ 0, the next inequalities 

1 1 2fc 1 1 

< TTT ^ < 



k{k -I) + 1/2 A:(fc + 1) + t2 + 1/2 {k'^ + t'^f k{k-l)+t^ k{k + l)+t^ 
hold. By the summation, we get 
, , 1 ^ 2k 1 

(1.2) <> < ^ -,t>0, 

k=l 

where a = | and 6 = 0. The next natural problem appears: to find maximal b and 
minimal a so that inequality (11. 2p valid. In 1982 Elbert formulated hypothesis 
that in ([L2]) d — 2(^(3) '^^^ taken, where (^(s) is Riemann (^-function. 

In 1998, Alzer, Brenner and Ruehr [11] proved that in (II. 2p a = and 6 = | can 
by taken and these constants are exact. Their proof is an elementary consequence 
of the inequality 




(1.3) 

The inequality (II. 3p . as unsolved problem, was published in 1997 [12] and proved 
by Wilkins [Hj in 1998. Note that for the calculation of the exact value of 6 = | 
the first two terms of the asymptotical expansion 

2k ^ {~l)'B2k 



fc=0 



was used ([TOl [H]). Here, Bn := i?n(0) - the Bernoulli numbers, and Bn{x) - the 
Bernoulli polynomials. 

We have to mention ones more exact result. In 1980, Diananda [15] proved the 
inequality 

^ 2k 1 
(1.4) > — r— — < — — , n> , t > , 

which can be derived from 

<7TT. \ ^- 777^ \ ^,/i>0,t>0, fceN. 



(F + t2)M+l ^k{k-l)+t^Y {k{k + 1) + t^)f' 
References on this topic can be found in [I6] 
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2. Main Results 
In this paper, we consider the following Mathieu's series 

(2.1) ^(^'-'^'"'^)-1.((a:t<T7^' 

7>0,q;>0,(5:= + 1)-7>1,M>-I,t>0. 
Let us introduce the next series 

(2.2) 7. A) :=L ((t + + 

7>0,a>0,5:=a(/i + l)-7>0,M>-l,t>0. 
It is obviously, if 5 > 1, 

,1-5 r ^ ^ " 



(2.3) S{t,u,-f,a,iJ.) = S{t,u,-f,a,iJ.) -2 S* -, 7, a, 

In [17], the problem of obtaining the exact inequalities for S{t,0, ^, a, fi) stated. 
Note that in [HI Theorem 2], the inequality for S{t,0, |,a,/i) is not true. 

The Theorem 12.41 (see also Corollaries 14.21 and 14. 3p contains the proof of the in- 
equalities for the series (12. ip and (12.21) for all admissible parameters. An asymptotics, 
as t ^ +00, and an asymptotic representation, for (7,0;) G Z+ x N, as a series in 
the power of t""'^'^"'"'^"'"^'', A; G Z+, obtained as simple consequences. 

The Bernoulli, Bn{x), and, Euler, En{x), polynomials can be defined by the fol- 
lowing generating functions (see, for example, ^191 §1.13, §1.14]) 

(2.4) ^ = E;^^"(^)'I^I<2^' ;r^ = E;^^"(^)'l^l<^- 

n=0 n=0 

The connection between the Bernoulli and Euler polynomials follows from the next 
identity 

2 2e*^ 4e*^ ^ 2 / , , ^„ „ /a;\\ ^ , , 

7TT = ?3T - ^5131 = E ^;r3T^ ;r - (2 ■ « < I'l < ^ • 

n=l ^ ' 

Consequently, En-i{x) = | (-B„(x) - 2'*i?„ (|)), for every n e N. The Bernoulli 
and Euler splines defined by the formulas bn{x) = Bn{{x}) and 

e„(x) = ^ (6„+i(x) - 2"+^6„+i g)) , n G Z+ 

correspondingly. 

Theorem 12.11 and 12.21 give the generalization of Euler-Maclaurin formula. 

Theorem 2.1. 1. //, for some n G Z+, the function F G C"[0, +00) fl L[0, +00), 
«s a function of hounded variation on [0, +00) and F'^'^\+ 00) = /orO < k < n, 
then for every e > and u > the equality 

(2.5) 

J2 F{ek + eu) = - F{t) dt + J^ 7^x4 5^+i(-^)^^'^(0) + j^f^ 
where L,,(e,u) = b^+i (^^^ dF^'^\t + eu) + Bn+i{-u + ut) dF^''\teu) , 
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(2.6) |L„(£,m)|< sup |6„+i(x)|V;«(i^^"^)+ sup \B^+^{x)\V^'\F^^^) 



0<x<l -u<x<0 



valid. If, in addition, F^'^^ is absolutely continuous on [0, +00), then Ln{£,u) = o(l) 
for 6 —>■ +0, uniformly with respect to u E [0, a] for every fixed a > 0. 
2. //, for some q < 0, n e Z+, the function F G (^"[g, +00) fl L[g, +00), F^") is a 
function of bounded variation on [q, +00) and F^''\+oo) = 0, for < k < n, then, 
for every u < 0, e E {0, ^) , the equality (12.51) valid and 

(2.7) |L„(e,n)|< sup |6„+i(x)| V;-(FW)+ sup |5„+i(a;)| K°(i^(")) . 

0<x<l 0<x<-u 

If in addition, F*^") is absolutely continuous on [g, +00), then Ln{£,u) = o{l), for 
e +0, uniformly with respect to u E [6, 0] for every fixed b < 0. 

Theorem 2.2. 1. //, for some n e Z+, the function G G C"[0,+oo), G^") IS a 
function of hounded variation on [0, +00) and G^^\+oo) = for < k < n, then, 
for every e > and u > 0, the equality 

(2.8) ^==1 '==° ■ ^' 

where ln{e,u) = dG^''\t + eu) + En{-u + ut) dG^^\teu) , 

(2.9) |/„(£,m)| < sup |e„(x)| K'^(GW)+ sup |F„(x)| V;f"(G('^)) 

0<x<2 -u<x<0 

is valid. If, in addition, G*-"-* is absolutely continuous on [0, +00), then ln{£,u) = 
o{l), for e +0, uniformly on u G [0, a], for every fixed a > 0. 
2. //, for some q < 0, n E Z+, the function G G G"[g, +c>o), G*^"-* is a function of 
bounded variation on [g, +00) and G^''\+oo) = 0, for < k < n, then for every 
u < 0, e E {0, ^) , the equality l \2.8\\ is valid and 

(2.10) \Ue,u)\< sup |e„(x)| V;^(G("))+ sup |F„(a;)| K^l^^"^) • 

0<x<2 0<x<-u 

If, in addition, G*^"^ is absolutely continuous on [g, +00), then ln{£,u) = o(l), for 
e +0, uniformly with respect to u E [6, 0] for every fixed b < 0. 

Theorem 2.3. 1. //, for some q < 0, the function F E G°°[g, +00) and F^^^ E 
L[g, +00), for every n G Z+, then, for every fixed u>Q, but if q < 0, then, for every 
fixed u E M, the asymptotic representation 

(2.11) J2 ^(^^ + eu)^- F{t) dt + J2 Sfc+i(-w)FW(0) , e ^ +0 , 
fc=i k=o ^ 

is valid. 

2. //, for some q < 0, the function G E G°°[g,+oo), G(+oo) = and G^") G 
L[q, +00), for every n E N, then for every fixed u > 0, but if q < 0, then, for every 
fixed M G M, the asymptotic representation 

(2.12) J2(-i f-^G{ek + eu)^Y. ^^^T ^'^(-«)^^'nO) , e - +0 

k=l k=0 

is valid. 
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Example 2.1. The function F{t) = 2t^^~^e~^", for every 7, a G N, satisfy to the 
conditions of Theorem 12.31 for every g < 0. Consequently, F has the representa- 
tion (12.111) . Multiplying (12.110 by e and setting = x > 0, the next asymptotical 
representations 



00 

r7 



k=l k=o ^ " 

k=l k=0 

take place, for every fixed u G M. For u = 0, first of them can be found, for example, 
in [271 Example 11.8]. 

Theorem 2.4. Let > 0, a > 0, 6 := a(/i + l)-7 > and g{x) := + 1)"^"^ 

1. // (7, a) ^ Z+ X N, t/ien g G C"^[0,+oo), ^ ^ C''+^[0,+oo) and, for every 
integer n G [0,r], the function g^"^^ is absolutely continuous on [0, +00), where 



(2.13) 



[7] , 7^Z+, 
7+ [a] , 7GZ+,a^Z+. 

If 'J ^ it/ten (7*-^^(0) = for every integer p G [0,r]. If j E a ^ N, 
then g^^\0) = /or ewer?/ integer p G [0, r], p 7^ 7 and 5'*''^-'(0) = 7! . 
Furthermore, the function G = g satisfies to the conditions of the statement 1 
of Theorem \2.2\ for every integer n G [0,r]. 

//, in addition, 6 > 1, then the function F = g satisfies to the conditions of 
the statement 1 of Theorem \2.1\ for every integer n G [0,r]. 
2. // (7, a) G Z+ X N, then g G C°°(— 1, +00) and the function G = g satisfies to 
the conditions of Theorem \2 .2\ for every q G (—1,0), n G and the function 
g^'^^ is absolutely continuous on [q,+oo). Furthermore, for every fixed u G M 
the next asymptotic representation 

cr, A ^(^)fc(-w)+7 Y^^ + k + l)E,^^,{-u) 
2.14 Sit, u, J, a, a) ~ > 77- — — r — ■ — — — — , t +00 

V ' K, ,1, ^a(k+^,+l) r(/i + i)r(A; + 1) 

is valid. If, in addition, 6 > 1, then the function F = g satisfies to the 
conditions of Theorem 12.11 for every q G (—1,0), n G Z+. In this case, for 
every fixed m G the next asymptotic representation 

(2-15) - (_i)fc(.+i)+7 2r(/i + A: + l) i^fc.+,+i(-?x) 

ia(fc+^+i) ■ r(/i + i)r(A; + 1) ' to + 7 + 1 ' 



is valid. 

The asymptotic representation (I2.14p . for m = 0, 7 = 1, a = 2, and, /i = 1, 
obtained in [20] by using a different method. 

Further, let us consider some generalization of the inequalities ( 11.21) and ( 11.41) . The 
next Theorem 12.51 is a sufficient conditions for the existence of double inequalities. 
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Theorem 2.5. Let the next conditions be satisfied: 

i) Sit) e C[0, +00), and Sit) > 0, t > 0. 

ii) There exist the positive constants C, > such that 

(2-16) ^W = ^-^ + -(^) >^-+oo. 

iii) For every t > 0, S{t) < ^. 
Then 

1. If < (3 < (3i, the inequality S{t) < C{t^ + h) ^ , t > {], is impossible for 
every b > 0. 

2. If (3 > (3i, the inequality S{t) > C{t^ + a) ~^ , t > 0, is impossible for every 
a > 0. 

£i 

3. Let m = inf fit), M = sup/(t), here fit) = (^) - 1^\ Then /(+00) = 



< m < M < +00, and inequality 



5 



(2.17) < Sit) < , t > 

(tft+a)/3T (t/3i+5)^ 

is valid iffO<b<m and a > M. 

Example 2.2. For S'(t) = Sit, m, 7, a, /i), 7 = 0, a > 0, + 1) > 1, m > the con- 
ditions of Theorem 12.51 be fulfilled. In this case (see Corollary 14. 2p Sit,u,0,a, fi) = 
¥T-¥TT^ + o{t^) ast^+oo,whereC= |S(^,/i + l-i),5i = a(/i + l)-l, 
A = 1 + 2u, Pi = 1. Furthermore, for every t > 0, the inequality 

dx f doc C 



r°° dx r 

Sit, u, 0,a,fx) <2 / ^ -— < 2 / 



+ )f:")^+i t^^ 



is valid. Then, for m = m('u, a, /i) = inf fit), and M = M(m, a, fi) = sup /(t), where 



fit) = I ) ' _ t 

I Sit,u,0, a, fi) j ' 
the next inequalities 

< m < min {/(O), /(+00)} < max {/(O), /(+00)} < M < +00 , 
is valid. Here 



In the first inequality m and M are the best constants. It is easy to see that m < M. 

Theorem 2.6. Let g is convex downwards on (0, +00) and J^°° gix) dx converges. 
Then, on the open set E := {(«, 7/) e : (/c + m)^ + y > , k e N}, the function 

00 

(2.18) Siu, y) := 2(^ + u)9{{k + u)^ + y),iu,y)eE, 

k=l 
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is well define and have the next properties: 

1. S{u,y) e C{E). If (mo,2/o) e E, then {uo,y) E E for every y > yo and 
S{uo, +00) = 0. For every fixed u > —1, the function S{u,y) is nonnegative, 
convex downwards with respect to y E (— (1 + m)^, +C)o), and decreases. If, in 
addition, g{x) > for every x > 0, then, for every fixed u > —1, the function 
S{u,y) is strictly decreasing with respect to y E (—(1 + m)^, +00). 

2. For every u > —1, + u + y > 0, the inequality 



(2.19) + uY + y)+\^- + uj g{{l + uY + y) < y) < F{u' + u + y) 

is valid, where 

/+00 / /•+00 \ 

g[x) dx,t>0 , \ t>0, if J g{x) dx < +00J . 

Moreover, the right hand side of (12.19^ going to he the equality iff the function 
g is linear on each segment [a^, Ok+i], k E N, where a^. = {k ~ ^ + uY + y — \ - 
The left hand side of (12.191) valid for every u > — |, y > — (I + m)^ and going 
to be the equality only if the function g is linear on each segment [sk, Sk+i], 
k E N, where Sk = {k + uY + y- 

Remark 2.1. Let the function g is convex downwards on (0, +C)o), g{x) dx con- 
verges, and g{x) > for every x > 0. It follows from (12.191) that, for m > 0, 

(2.21) F{a + y)< 8(^1, y) < F{b + y) , y > 

is valid for a = (1 + uY and b = + u. In this case, the left hand side of f l2.2ip is 
strict inequality. If the inequality (12.211) valid for some a = oq > and b = bo > 0, 
then it valid for every a > Oq and < 6 < 60, moreover, 60 < clq- Therefore, the 
problem of definition of the quantities 

m{u) := sup{6 > : S{u, y) < F{b + y) , y > 0} , u > , 

^^'^^"^ M{u) := inf {a > : F{a + y)< S{u, y) , y > 0} , u > 

naturally appears. It is obviously 

(2.23) + u< m{u) < M{u) < (1 + M)^ m > . 

Because the function F strictly decrease, the inverse function F~^ exist such that 
it is continuous, positive, and strictly decreasing over /, where / = (0, +00) if 
F(+0) = +00 and / = (0,F(+0)] if F(+0) < +00. It follows from (l219ll that 

(2.24) ij{u, y) := F~\S{u, y)) - y , (m, y) G := [0, +00) x [0, +00) 

is well defined and, consequently, is continuous on R^. Moreover, the next inequal- 
ities 

(2.25) + u< ■^{u, y) < {1+ uY , {u, y) G 

is valid. It is obviously, for fixed a,b,u G [0, +cxd), the inequality ( I2.2ip is equivalent 
to the inequality b < ilj{u,y) < a, y > 0. Therefore, 

m{u) = inf ip{u, y) , u >0 , 

(2 26) 

^ ' ' M{u) = su.pijj{u,y) , u > . 
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Remark 2.2. Let g is convex downwards on (0, +00), f^°° g{x) dx converges, and 
g{x) > for every x > 0. Then: 

1) m{u) = + u for some u > <^=^ i'iu, +00) = + u, or some y > the 
functions g is linear on each segment [a^, Ofc+i], A; G N, where ak = {k — ^+uY+y—j. 

2) M{u) = (1 + u)^ for some u>0 ^/'(u, +00) = (1 + u)^. 

3) If, for some u > 0, the equality m(u) = M{u) = c > is valid, then the 
inequality (I2.2ip is valid for a = 6 = c. Therefore, 

(2.27) 

m{u) = M{u) = c>0 '^2{k + u)g{{k + u)'^ + y)= / g{x) dx , y > . 

k=i •^''+y 

For example, if g{x) = e"^^, A > 0, then S{u, 0) = J2T=i + M)e-^('^+")', 

S{u,y)=e-^yS{u,0) , = ^ , = -iln(A.) , ^{u,y) = ln(AS(«, 0)) 

and, consequently, m{u) = M{u) = — ^ ln(A5'(u, 0)). In this case the inequali- 
ties (I2.25P is strict. Therefore, 

(2.28) + u < -j\n 2('^ + M)e"^('=+")' j < (m + 1)^ , m > , A > . 



Example 2.3. If g{x) = x'^-^, /i > 0, x > 0, then F{t) = F~^{s) = 

t,s > and, for every u > —1, + u + y > 0, the inequality (see (I2.19P ) 
(2.29) 

1 , 1 + ^ ^f^ 2(fc + n) 1 



IMS 



+ U)^ + y)^' ((1 + m)2 +7/)/^+l Z--' ((A; + m)2 + ?/)/^+1 ^(ti2 _^ ^ _^ ^^/. 

is valid. Left hand side of (I2.29P valid for every u > — |, y > —(1 + n)^. 
In the case 7 = 1, a = 2, let us denote the series (12. ip by 

(2.30) S,{t, u) := S{t, u, 1, 2, /.) = f; ^^|^p"7t2).+i . > . ^ ^ ^ • 

If — M G N, then, for = — m, the term be absent. Therefore, the function S^(t,u) 
is continuous in t G M for every fixed m G M. It follows from ()2.15p that, for every 
fixed M G M, the relations 

(2.31) 

s.it,u)-l^ ■r(/. + i)r(A: + i)''^+°°' 



fe=0 



hold. 

Theorem 2.7. For every t > 0, p > 0, u > —1, /i > i/te inequality 



(2.32) 
is valid. 



/i(p2 + t2)M 



< 



MP 

'5;,(0,'u)-^ , p-u>l. 



MATHIEU'S SERIES 



9 



Theorem 2.8. For ^ > 0, u > 0, let us setm^{u) = inf f^^uif), M^{u) = sup/^_„(t), 

where f^^u{t) = {^iS^{t,u)Y'^ -t^ , t G M. T/ien /^,„(+oo) = u^ + u + \, < m^{u) < 
M^{u) < +00 and inequality 

1 1 
(2.33) —-, < SJt, u) < -—, — — , t > 

is valid iffO<b< m^{u) and a > M^{u). Moreover, the next statements hold: 

1. u'^ + u < m^{u) <M^ + M + | <u^ + u + \ < M^{u) < (1 + m)^, fi> 0, u>0. 

2. If u > jj, > 0, u > 0, then m^{u) < m^{u), My{u) > M^{u). 

3. For every u > u > the exist t^^u > such that fl^uif) < for every 
t > tu,u CLnd, consequently, the strict inequality 

is valid. 

4. Let us suppose that, for some u > 0, u > 0, the inequality 
(2.35) ((z/ + l)5,+i(t, m))^ < (z/5,(t, m))^ , t > 

holds. Then: 

1) i/ie function fiy,u{t) strictly decreases in t ^ [0, +oo), the inequality (12.340 
valid for t^^u = 0, My{u) = fu,u{^) o,nd, for every /i G (0, + 1], the equality 
m^{u) = u"^ + u + ^ and strict inequality S^{t,u) < ^(^^4,^ t > take 
place. 

2) For every 0</i<z/, 0<a< m^+m+I, i/ie inequality ((t^ + a)'^S^{t, u)) > 
0, t > is valid. 

5. 1) For every fj, G (0, 2], the equality m^(0) = | and strict inequality S^{t, 0) < 

/ „\ , t > 0, take place. 

2) For every < jj. < 1, < a < I, t > 0, the inequality | {{t^ + a)^S'^(t, 0)) > 
is valid. 

As we mention in introduction, the equality m^(0) = |, for /i = 1, proved in 
and the inequahty | ((t^ + a^S^it, 0)) > 0, t > for = 1, a = proved in [4]. 
It follows from Theorem 12^ that, for u > the relations 



rriaoiu) := inf mJu) = lim mJu) , 
Moo(m) := supM^(M) = lim M^{u) , 

+ u < moo(u) <u'^ + u + -<u^ + u + \< M^{u) < (1 + uY 

6 4 

take place. 

The function / is said to be completely monotonic on (0, +00) (/ G M(0, +C)o)), 
if / G C°°(0,+oo) and for every A; G Z+, t > 0, the inequality (-1)^^^'^^) > 
holds. The Hausdorff-Bernstein-Widder's Theorem state that / G M(0, +00) iff 
f(t) = jQ°°e~^^ dfi{x), t > 0, where fi is nonnegative Borel measure on [0, +00) 
such that the integral converge for every t > 0. Besides, the measure is finite on 
[0,+oo) iff /(+0) < +00. 
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Theorem 2.9. Let the quantities moo{u), Moo{u) are defined by (I2.36p . for u > 0, 
and 



(2.37) 



oo 

^u{x) ■.= xJ2 2('^ + M)e-('=+")'" , a; > . 
fc=i 



Then, for each fixed u > 0, the next statements hold: 

1- i'p,u,^l £ ^(0, +oo) for every fi > <^=^ V^p,«,/i ^ ^(0? +oo) for some /i > 
< p < rriooiu). 

2. —i'p,u4i G (0, +oo) /or etier?/ > <^==^ —''Pp,u,p. ^ ^(0, +oo) /or some 
/i>0' ^ P>Moo(m). 

3. mo,(«) = -sup,>o^, M^{u) = -inf.>oillM£). 

4. + y < rn^{u) <u^ + u+\, M^{u) = (1 + m)^ 

The next corollary immediately follows from Theorem 12. 9[ 

Corollary 2.10. If u > and < p < u'^ + u, then i>p,u,fi G M(0, +oo) for every 
/i > 0. 

The function / : R™ ^ C is said to be positive definite on M™, m G N, if for 
every n G N, {xk}^=i C and {ck}^=i C C the next inequality 

n 

^ CkCjf{xk -Xj) >0 
k,j=l 

hold. About the positive definite functions see, for example, [21] and references 
therein. For such a function the next inequality |/(a;)| < /(O), x G M"^, holds, and 
from continuity at zero follows continuity in M™. By Bochner's Theorem the function 
/ is positive definite and continuous in M*" iff f{x) = J^^ ^-^i^^^) dn{u), where fx is 
nonnegative, finite, Borel's measure on M™. From this Theorem immediately follows 
the criteria of positive definiteness in Fourie's transform term: if / G C {W^)nL{W^) , 
then / is positive definite on M"* iff 



f{x) = FUf){x):= e'^^'y'>f{y)dy>0, xe 



where (x, y) = xiyi + X2I/2 + ••• + Xmym - scalar product in M™, and, in this case 
F^(/) GL(M-). 

Let us denote by $ (/™) a class of continuous functions / : [0, +00) M such that 
function /(||a;||2) is positive definite on M"*. Here ||a;||2 = \/ (x, x) the Euclidean 
norm in M™. Obviously, $(/™"'"^) C $(/^) and, by well-known Schoenberg's theorem 

°° r r+00 ^ 

(2.38) <l>(/2) = n mi = fit) = / expi-t's) dfiis), ^ G P+ , 

where P+ - the set of all finite, nonnegative, Borel measures on [0, +00). It follows 
from the Schoenberg's and Hausdorff-Bernstein-Widder's theorems that / G $(^2) 
iff / G C[0, +00) and f{^/x) G M(0, +00). 

Theorem 2.11. Letmooiu), Mooiu) are defined, foru > 0, by (12.36^ and gp^u{x) := 
^ - S /^^ a; > 0, gp,u{0) ■=u + l-p, h^{x) := for x > 0, /i„(0) := 1. 

Then, for every fixed u > the next statements hold: 
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2. -gp,u e $(/2) ^ P > V^ooH = u + l. 

3. T/ie inequality ^ {t^'^S'^(t, m)} > is valid for every /x > and t > <^=^ 
-£(/..(x))G$(/2). 

The next corollary immediately follows from inequality u'^ + u < moo{u) and 
Theorem I2.11[ 

Corollary 2.12. If u > and <p < \Ju^ + u, then Qp^u e ^{k)- 

The proof of theorems of Bochner's, Hausdorff-Bernstein-Widder's and Schoen- 
berg's can be found, for example, in [22l[23l [21I251I26] . 



3. EULER-MACLAURIN'S FORMULA. PROOFS OF THEOREMS [2JJ, AND 12^ 

Lemma 3.1. 1. Let p E N, u > -p, e > 0, n e Z+. If F e C'leW ,6{p + u)], 
zh 

2 

fei'p+u) 



where u = then the next equality 



V F{ek + eu) = - / F{t) dt+ 
k=i ^ 



f_l)n^n f rep U\ 



(n + iy. 



valid. 

2. Le^ j9 e N, M > -2p, e > 0, n G Z+. // G G C"[eM", e(2j9 + m)], t/ien the next 
equality 

2p 

Y^{-lf-^G{ek + eu) = 

k=l 

n / ^ k 

(3-2) Yl o u ' (i?.(0)G(^)(2.p + en) - i?,(-^)G('=)(0)) + 



2k\ 

k=0 



2n! 



walic?. iJere, Bn{x) and En{x) are Bernoulli's and Euler's polynomial, andbn{x) and 
en{x) Bernoulli's and Euler's splines. 

Proof. Let us consider the statement 1. Under our conditions, the points and 
eu belong to the segment [eu~ ,e{p + u)]. Consequently, all integrals in f l3.ip are 
well defined. Obviously, the function 6„(x) are periodic of period T = 1. It follows 
from the properties of Bernoulli's polynomials that 60(2^) = 1, bi{x) = | + {a;}- 
For n > 2, the functions &„(x) are absolutely continuous on R, and 6„ G C"~^(M), 
b'j^{x) = nbn-i{x) for > 3, a; G M and &2(^) = 26i(x) for x ^ Z. Taking into account 
these properties and applying the integration in part in the Riemann-Stieltjes's 
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integrals formula, we get 

\n-l_n-l rep 



b„+i i-] <iF<">(« + EU) = V;^^''„+,(0) (F<">(i;p + ra) - F^'Heu)) + 

Taking into account equality = — | + x — [x], we obtain 

F{t + eu)dbi\^-] =- J F{t + eu)dt- j F{t + eu)d 

1 /"^^ 

- / F(t + eu) dt-Y] F{ek + eu) . 
^ Jo 



Then 
(3.3) 

r\ ft 



{^-^ dF^'^^t + eu) 



(n + 1)! Jo 

fc=o^'' + ^^- fc=l 

By the same, taking into account the equality B'^{x) = ni?„_i(x), n E N and 
applying the integration in part formula, we get the next equality 

(^ + 1)' Jo 

E TTTTV. iBk+^(^)F^'\^^) - Bk+ii-u)F^'\0)) - / FitEu) dB,{-u + nt) . 

k=0 ^ ^ 

Taking into account equality Bi{x) = — \ + x, we obtain 

B^^,{-u + ut)dF^-\teu) = 

in + l)\Jo 

y ) " f 1 \k k 1 reu 

E T^Tl^ (i?.+i(0)FW(en) - i?,+i(-«)FW(0)) - - / dt . 

k=o ^ ~^ ^0 

Adding (I3.3P and (|3.4I) . taking into account 6^(0) = -Bfc(O), we get equality (13 .11) . 
The statement 2 follows from the statement 1 and the next equality 

2p 2p p 

(3.5) ^(-1)'^~^G(£A; + eu) = J2 G{ek + ew) - 2 ^ G{2ek + eu) 

k=l k=l k=l 

by application the formula (13. ip . for F = G, to the right hand side of (13.5^ : to the 
first term changing p to 2p, to the second term - changing e to 2e and m to |, taking 

into account that (|) = □ 
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Proof of Theorem \2.1[ At first we will prove the statement 1. From Lemma ISTTl by 
passing to the limit as p —>■ +00 in (I3.ip . we get (I2.5p . From ( 12.5p the inequality 
fl2.6p follows. If, in addition, F^^'> is absolutely continuous on [0, +00), then F^"^^) G 
L[0,+oo) and, consequently, /~ + /i) - rft = o(l) as /i ^ +0. 

Furthermore, the next equality 



\Ln{e,u)\ < 



1) 



(t) dt 





poo 


sup |6„+i(2;)| 




0<a<l 


Jo 



holds. 



Because b^+i 



X) 



(x) 



^ + eu) - (t ) I rft + sup 1 (x) I \/o'" (^^"^ ) 

-u<x<0 

is periodic of period T = 1, F'-""^^-' G L[0,+cxd), and 



dx 



B„ + 2(l)-gn + 2(0) 



for every n G 



;q v^n-i-i\_"^y jQ ^_|_2 — „_|_2 — " ^'^•-j ^ ^hc Ricmanu- 
Lebesgue theorem imply that the first term of last inequality tends to zero as e ^ +0. 
The second term tends to zero by arguments above. Finally, V^^"(F*^")) — as 
e — * +0 because 

Fin) 

is a bounded variation on [0, +00) and continuous at zero 
function. Thus, Ln{B,u) = o(l) as e +0, and estimation in o(l) is uniform in 
u E [0, a] for every fixed a > 0. 

The statement 2 can be proved in a similar way. Taking in mind that, if in addition 
F*^"^ is absolutely continuous on [g, +00), g < 0, then F^'^^^^ G L[q, +00) and, 
consequently, + = o(l) for h ^ ~0 and K° (^^"^) ^ 

as £ — >• +0 since is a bounded variation on [q, +00) and continuous at zero 
functions. □ 

Proof of Theorem 12.21 The proof is a similar to the proof of Theorem 12. 1[ Let us 
prove, for example, the statement 1. The equality (12. 8p follows from Lemma [3T] by 
passing to the limit in (13. 2p as p — > +00. The inequality (12. 9p follows from ( 12.81) . If, 
in addition, G*^"^ is absolutely continuous on [0, +00), then 



\lni£,u)\ < 



en G^-^'\t)dt 



+ 



sup I e„ (x) I / I (t + ew) - (t) I rft + sup | F„ (x) | V^f " (G^") ) . 



0<x<2 



It is obviously that e„(x) is periodic of period T = 2 function and e„(x) dx = 
and so on. □ 



Proof of Theorem \2.3[ Let us prove the statement 1. From the conditions follows 
the existence of finite limit F(")(+oo) = Fi'^'^^\x)dx + Fi'^\q) for every n G Z+. 

Since F^") G L[g, +00), than F(")(+oo) = 0. Further, the Theorem 12.11 can be 
applied to the function F for every n G Z+. 

The statement 2 can be proved in a similar way. From the conditions follows the 
existence of finite limit G^^\+oo) = for every n G Z4.. Further, the Theorem 12.21 
can be applied to the function G for every n G Z+. □ 



4. The inequalities and asymptotic for Mathieu's series. Proof of 

Theorem 12.41 

Lemma 4.1. Let > 0, a > 0, 5 := + 1) - 7 > 0, g{x) := x^(x" + 1)-^"^ 
Then 
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1. g e C[0,+cx))n<^°^(0,+oo) and g^''^ G L[l,+oo), g^^'-^^+oo) = for every 
r G N. Furthermore, g G L[l, +oo) <^=^ 6 > 1. 

2. // (7, a) G Z+ X t/ten (7 G C°°(— 1, +00) and /or ewer?/ p G Z+ t/ie equality 



g' 



r(^j+i)r(fc+i) 

p! 1 , ecyit/ p 7^ /ca + 7, G Z_| 

// (7, a) ^ Z_|_ X N, then the function g has finite smoothness of zero 

[7] , ecAU 7 ^ Z+ , 
7 + [a] , ecAU 7 G Z+ , a ^ Z_|_ . 

In this case, ^ G C"^[0, 1], ^ ^ C'+i[0, 1] and g^'+^^ G L(0, 1). //7 ^ Z+ t/ten 
^(p)(0) = for every integer p G [0,r]. 1/7 G Z+, a ^ N t/ten g''^\Q) = /or 
ewery integer p G [0,r], p 7^ 7 anc? ^''•'''■'(O) = 7! . 

Proof. Proof follows from the next equalities 

1 - (_i)A.r(/i + fc + i) 



^ + 1)''+' U r(/. + i)r(fc + i) 



(4.1) 



^ (_l)fcr(/i + A; + l) 

A:=0 

Ei^— i)*^! i^/x -r A- -r J- ; -l 
r(/i + i)r(A; + i) ■ . ^ > ^ • 



r(/i + i)r(fc + i) 

(-l)'=r(/i + A; + l) 



□ 



Proof of Theorem 12.41 follows from Lemma 14.11 the Theorems 12.11 and 12.21 for G = 

F = g and s = \- □ 

Corollary 4.2. iet 7 > 0, a > 0, 5 := a(/i+l)-7 > and g{x) := x'^(x" + 1)"^"^ 
Then, on the interval [0, +C)o), the g is a bounded variation function which equal to 

Vo'^ig) = I if = and VQ°^{g) = 2 (|)" (| + l)"''~^ 2/7 > 0. Furthermore, the 

equality 

(4.2) 

S{t,u,'j,a,fi) = , where \l{t,u)\ < V^^ig) , l{t,u) = o(l), t ^ +00 , 

holds for every u > and t > 0. If, in addition, 6 > 1, then the equality 

(4.3) Sit, U, 7, «, /X) = ^a(^+l)-7 

holds for every u > anc? t > 0, where \L{t,u)\ < {l + 2u)Vf^{g) and L{t,u) = o(l) 
as t ^ +00. /n &ot/« cases, the estimation in o(l) is uniform in u & [0, a] /or ewer?/ 
fixed a > 0. 

Proof. In the case 7 = 0, the function (/ strictly decrease on [0, +00) and, con- 
sequently, V^{g) = g{0) — g{+oo) = 1. In the case 7 > 0, the function g in- 
creases on [0, xo] and decreases on [xo,+oo), where xq = {jY^"" and, consequently, 
V^°°((/) = 2g{xo). Further, we apply the statements 1 of Theorems 12.21 and 12.11 with 
n = 0, F = G = g, and £ = The inequalities (12.80 and (12.51) with n = yields 
l{t,u) = Iq and L{t,u) = 2Lq {\,u). Then we use the inequalities ( 12. 9p and 
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(12.6p . having in mind that -Bi(x) = —^+x, bi{x) = — | + {x}, Eq{x) = 1, eo(x) = 1 
for < X < 1, and eo(x) = -1 for 1 < x < 2, and Kf"(^) + V^°^{g) = Vo^{g). □ 

Corollary 4.3. iet , f ) G Z+ x N, 5 := + 1) - 7 > 0. T/ien, for every n G N 
t/ie equality 

(4-4) 0, 7, a, /.) = ^£§5^ + o (j;;^) , ^ - +00 

holds. If, in addition 6 > 1, then, for every n G N, the equality 
(4.5) 

7 + l\ (-1)^25^+1(0) 



1 



^Q(n+/j+l) 





^7 + 1 








+00 



°' ^' • « ^ ^ + 1 - ^ J + (7 + 1)Hm+i) + 



holds. 

Proof. Proof immediately follows from Theorems 12.11 12.21 and 12.41 taking into ac- 
count, that E^O) = ^^^-J^P S„+i(0), for m G Z+, B,{0) = -|, and ^2^+1(0) = 0, 
for J9 G N. Thus, Eo{0) = 1 and E2p(0) = 0, for pEN. □ 

Remark 4.1. It seems to be remainder term in the Corollary 14.31 approaching zero 
more foster. It can be seen in the next examples. With using the summation 
Poisson's formula, we get (see, for example, [27l Example 11.3]), 



V^2_7rl 2tt _7rl 

^A;2 + t2~i"^ + t(e2-t _ 1) ~ i ~ ^ + We2-* 

k=l ^ ' ^ 

From this and the equality f l2.3p follows that 

^ 2(-l)^-i _ 1 271 _ 1 r,(J_\ ^ 



-00 - 



t2 ^(gTTt _ g-TTt) ^2 WgT, 

fc = l ^ ^ 

The last example (see, for example, [Ml §3.11-3.12]): 

^2(-l)'=-i 1 ^/ 1 \ 

5. Hermite-Hadamard's inequality. Proof of Theorems 12.51 and 12.61 
Proof of Theorem^ Let > 0, /? > 0. Then 



C „ f c 



S{t)<i>) t>0 ^ d<{>)fpit) := (^) ' -t^ t>0 

It is obviously, at t — > +00, the relations 

/^(t) = t/3 f — ^1 ^ - 1^ ^ C7 ^ ^ tPpC- S{t)t'^ tP-P^(3A 



s{t)t^^ J y ^1 \S{t)t^' J 5i s{t)ts^ 5iC 

holds. Therefore, if (3 < (3i, the inequality < < /^(t), is impossible for big t 
(otherwise < d < 0). If /5 > the inequality d > fpit) is impossible for big t 
(otherwise d > +00). 
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Let p = pi. Then f{t) = fp,{t) > for t > 0, and /(+oo) = |^ > 0. Therefore, 
m = inf f{t) > 0, M = sup/(t) < +oo. Then, for d>0, the next statements 

C 

S{t) < (>) ^ , t>0 ^ d< (>)/(t) , t>0 ^ d<m{d>M) 

(t^i +d)i^ 

are obvious. □ 

Lemma 5.1. Let g is convex downwards on the interval I function, that is, for 
every x,y & I, and A G (0, 1), the inequality g{\x + (1 — X)y) < \g{x) + (1 — ^)g{y) 
holds. Then, for every a,h E I : a <h, the Hermite-Hadamard's inequality 

(6.1) (6 -„) s (^) a) *M±M 

valid. The equality in one inequality of (IS.ip occurs iff g is linear on the segment 
[a, b] . 

Proof. Note, that every convex downwards on the interval / function / is continuous 
on that interval and, for every points Xi,X2,Xs E I : Xi < X2 < x^ the inequalities 

.5 2) /(a^2) - f{,Xi) ^ fjxs) - fjxi) ^ fjxs) - f{x2) 

X2- Xi ~ X3- Xi ~ X-i- X2 

hold. Therefore, g G C{I). The function h{x) := g + x)+g - x) is convex 
downwards on [— c, c] with c = > and, furthermore, is even function. Therefore, 
h is increases on [0, c] (it is consequence of (15. 2p with f = h, —Xi = X3 G (0, c], and 
X2 G (OjXs)) and, therefore, the inequalities 

g{x)dx= / h{x) dx < ch{c) {> ch{0)) 



hold. The inequality f IS.ip proved. If (7 is a linear on [a,b], then both inequalities 
of (15. ip reduces to the equalities and conversely. If one inequality of (15. ip becomes 
equality then h is a constant on [— c, c]. Therefore, the function g is a convex down- 
wards and upwards simultaneously on [a, b]. In this case, for f = g, the inequalities 
in (15. 2p reduces to the equalities with xi = a, X3 = b and, consequently, g is a linear 
function on the segment [a,b]. □ 

Lemma 5.2. Let g is convex downwards on (0, +00) function such that the integral 
Ji°° fl'(^) dx is convergent. Then g degreases on (0, +C)o), g(+oo) = and the next 
statements hold: 

1. For every u > —1, y > —v? — u the inequality 

(5.3) ^2{k + u) g{{k + uf + y) < I g{x) dx 

l^—l Ju'^+u+y 

holds. The equality in (15. 3p occurs iff the function g is a linear on each 
segment [a^, ak+i], k G N, with = (/c — | + u)^ + y — |. 

2. For every u > — |, y > —(1 + m)^ the inequality 

(5.4) / g{x)dx+(- + u]g{{l + u)^ + y)<y22{k + u)g{{k + uf + y) 

holds. The equality in (15. 4p occurs iff the function g is a linear on each 
segment [s^, Sk+i], G N, with Sk = {k + uY + y. 



MATHIEU'S SERIES 



17 



Proof. The inequality (IS.ip implies 

"t 1 r2t-a 



2 



g{x) dx — g{a) < g{t) < — / g{x) dx , t > a > . 



Therefore, linif^+oo ^ = 0. Passing to the limit, as 0:3 — > +00, in the inequal- 
ity (15.21) with f = g, we conclude that g degreases on (0, +cxd). The monotonicity 
of g and convergence of the integral J^°^ g{x) dx imply g{+oo) = 0. 

Let us prove the statement 1. In the left inequality of (|5.1I) . we can take a = 
and b = a^+i, since 0^+1 — 0^ = 2{k + u) > for every G N, and ai = u^+u + y > 0. 
Then ^ = {k + uY + y. By summation of these inequalities with respect to A; G N, 
we get the inequality (15.31) . In this case, the equality in (15.31) occurs (Lemma 15.11) 
only if 5 is a linear function on each segment [a^, ak+i], k E N. 

Let us prove the statement 2. In the right inequality of ( 15. ip . we can take a = Sk 
and b = Sk+i, since s^+i — Sk = 2{k + u) + 1 > 0, for every k E N, and Si = 
{1 + uf + y > 0. Then 

^ ^ gix) dx<(^k + u+^^ {g{{k + + y) + g{{k + I + uf + y)) = 

{k + u)g{{k + uf + y) + {k + l + u)g{{k + I + uf + y) + 

]^{g{{k + uf + y)~ g{{k + I + uf + y)) . 

We add these inequalities with respect to k E N. By the inequality (15. 3p . in the 
right hand side, we get absolutely convergent series 



/+00 °^ 
g{x) c?x<^2(A; + m)(7((A; 
-1 k=i 



uf + y)- (l + u)g{{l + uf + y) 



The last inequality is equivalent to the inequality (|5.4I) . and the equality occurs (see 
Lemma [5T]) only if is a linear function on each segment [sk, Sk+i], k E N. □ 

Proof of Theorem \2.6[ Let us prove the property 1. The series (12.18^ converge uni- 
formly on each compact K C E and, consequently, S{u,y) E C{E). In fact, for 
every compact K C E, the number uq = tiq^K) does exist such that, for every 
number n > uq and every point {u,y) E K the inequalities n + u > —1 and 
{n + uf + {n + u) + y > n hold. Hence, the inequality (I5.3P can be applied to the 
remainder of the series (12. 18^ : 



00 

2{k + u)g{{k + uf + y) = Y2{k + n + u)g{{k + n + uf + y)< 

k=l 

+00 

g{x) dx < / g{x) dx , n > Uq , {u,y) E K . 



k=n+l k=l 



{n+u)^+(n+u)+y n 

From the last inequality and nonnegativity of the uniform convergence of series 
(I2T8D on K follows. 

If (mo, 1/0) G E the (mo, y) E E for every y > yo and S{uo, +00) = 0. Each term of 
the series (12.18^ and every their remainder series with the number, satisfying to the 
inequalities (see above) n + uq > —1 and {n + uof + {n + uq) + yo > 0, obeys this 
property. 
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For every fixed u > —1, the function S{u,y) is nonnegative, decreasing, and 
convex downwards with respect to y E (—(1 + u)^,+oo), since each term of the 
series (12.181) obeys this property. 

If, in addition, g{x) > for every x > then in the inequality (15.20 for f = g, we 
can always choose > X2 such that the inequality /(xs) < f{x2) holds. Therefore, 
the function g strictly decreases on (0, +oo) and, consequently, the function S{u, y) 
strictly decreases with respect to y E (— (1 + uY, +oo) for every fixed m > — 1. 

Note that, if for some u > —\ and > —(1 + u)^, S{u,y) = const for y > yo, 
then S{u,y) = 0, for y > yo, and, consequently, g{x) = for x > Xq, where 
Xo = (1 + uy + yo if u > —1 and Xq = 1 + yo ii u = —1. 

The property 2 includes in the Lemma [5.21 The Theorem 12.61 is proved. □ 



6. Sfj,{t,u) SERIES AND POSITIVE DEFINITENESS. PROOFS OF THEOREMS 12.71 

[231 [23] AND ETU 

Lemma 6.1. 1. For every {p, t) e R'^ \ {{0, s) : s < 0} , u > 1^ > 0, and m G M, the 

inequality 

f + OO 

-S.{y,u)]y\y'-t'r''-Uy 



(6.1) 



Z/(p2 + 



Si,it,u] 



^fi{p^ + t^Y 

holds. 

2. For every m, t, 6 G M, u > jj, > 0, the inequality 

hoo 

{uS^iy, n) - (z/ + l)5,+i(y, u)iy^ + b)) y\y' - t^"^"' dy 



(6.2) 



^^"^ ^'^^^^ {l^S,{t,u) - (/i + l)S,Mt,u){t' + b)) 



holds. 

Proof. At first, we prove that if the condition 

1) (p, t) G \ {(0, s) : s < 0} , z/ > /i > or 2) p = , t < , 1 > > /i > 
holds, then the equality 

^ ' Jt {p' + y^r ^ 2 (p2 + t2)M 

take place. It is easy check that the integral in the left hand side of (16. 3p converges 
absolutely if the condition 1) or 2) holds. In any case, by substitution of variable 

s = ^2X72 in ([63]), we get 



2 (p2 + 7g (1 + sY 2 (p2 + t^y 

The equality ( 16. Sp proved. After substitution in (16. 3p u hj u + 1 and /i by /i + 1, 
the equality 

"^"^ y\y^ - t^l"'^'^ , B{v- 11,11 + 1) 1 



Jt (p2+^2).+l 



(p2 + t2)A.+l 
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take place for every {p,t) G \ {(0, s) : s < 0}, u > fi > —1. Tacking into account 
the last equality, for every u, t G M, > /i > 0, we get 

"+00 

S,iy,u)y\y'-t'r'^-' dy = 



k=l 



Note that, in the series fl2.30p for Su{y,u) and S^{t,u), the terms for k = —u we 
absent if —u G N. 

Taking into account the equality •^('^"^'^^ = s^lziii/itii ^ from (16.31) and (I6.4p the 
equality (I6.ip follows. 

The integral in the left hand side of (16. 2p is equal Ii — I2 — h{t^ + where 

h = V £^ S^{y, u)y\y' - t'r^-' dy = + ^s,{t, u) , 

h = {y + 1) j^^ ^.+1(2/, u)y\y^ - dy = ^ i'^ ' + ^) _ ^^g^^^^ ^) ^ 

/3 = + 1) - t'n'-' dy = + + l)S,+,{t, u) . 

To calculate Ji we used (16.41) . By changing z/ by z/ + 1 in (|6.4I) we calculated I2. To 
calculate I3, we changed z/ by z/ + 1, and /i by + 1 in (16.41) . The equality (16.21) 
proved. □ 

For functions h defined on (0, +00), let us define a Hankel transforirQ for m G C 
and t>0: 

(6.5) iJ„(/i)(t) := t^-f / h{x)x'^Jni-i{tx)dx= / h{x)x"'~^j:^-i{tx)dx, 



2 

Jo Jo 
where Jx is a Bessel function of the first kind, and 

For m G N the transform is related to a Fourier transform for radial functions: 
(6.7) FUHW ■ Mix) = i2n)fdmm\\x\\2) ,xeR^. 



Lemma 6.2. Let 



e 



-px p—UX 



gp,u{x):= , gp^u{^) := u + - - p ; 

X — 1 2 

(6.8) Gp^uA^) '■= ^9p,u{x) + (2/i - l)gp,u{^) ; 

K{x) := — , hu{Q)-=l- 

— 1 

Then equalities 

(6.9) , -SJt,u)= V^^2;.+l(^7p,n)(t) ^>0,p>0,M>-l,/i>0, 

^ ' fiip^ + t^Y ^ 2'^-3r(/i + i) ' - 



non-standard notation is used here. 
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(6.10) 



(6.11) I {t^'^^,(t, .)} = - ^tr!!rfn^^'^ , t > , . > -1 , > 

Proof. By [29l Chapter 4.14(7,8), = /i — |] we get the equalities 
(6.12) 

1 /tt /"^°° 
— r— = / e'^^'x^'"^-^ ?■ , 1 (ax) dx , aeM,i9>0,u>0, 

(6.13) 

2n A" /"^°° 1 

— 5 r— — = r-^^ / e~^^x^''j„_ 1 (ax) , aGM,p>0,/i>--. 

(p2 + a2)M+i 2^-5r(/i + l) io -^/^ 2^ ^ 2 

After the summation of the equalities (I6.13P forp = /c + M,A;GN, m> — l,a = t>0, 
/i > 0, we get 
(6.14) 



^^(t, m) = / — a;^^?' i itx) dx ,t>0,M>-l,/i>0. 

For a = t > 0, the equalities (16.141) and f l6.12p imply the equality (16.91) . If, in 
addition, /i > |, then for t > we can use integration in part in the right hand side 
of (16. 9p . Taking into account -^{j\{tx)) = —t'^xjx+i{tx)., we get 

^?2M+l(^P,«)W = J gpA^)^"^^'^ dj^^iitx) = ^ J {gp^u{x)x'^^'^)' j^_^^{tx)dx , 

from which (16.10p follows. 

Let h'^{x) := -^{hu{x)). If t > 0, by the substitution s = tx, in the integral from 
(I6.14p . for u > -1, /i > 0, we get 

^{t'^^SJt,u)] = r'^h'J-] (-^] s'^-'j^ ^{s)ds. 

The last equality is equivalent to (16.111) . □ 

Lemma 6.3. Let p,u G M. Then, for gp^u{x) := — x > 0, the next 

statements hold: 

1. If p — u < ^ then gp,u{x) > 0, for every x > 0. 

2. If p — u > 1 then gp,u{x) < 0, for every x > 0. 

3. If\<p — u<l then, on an interval (0, +oo), the function gp^u{x) is not of 
constant signs. 

Proof From the equality fi'p,„(x) = ^^^^ fp-u{x), where /^(x) = e-"''(e'^ - 1) - x, 
follows that we have to find such a values of a G M, that /a(x) preserves sign over 
the interval (0, +oo). It is obvious that /^(O) = 0, /^(x) = (1 - a)e(i-")^' + ae""^ - 1, 
f'M = 0, and /^'(x) = ((1 - a)V - a2)e-"^ 

If < a < i, X > 0, then e""' > 1 > j^^- Consequently, /"(x) > and /a(x) > 
for every x > 0. If a < 0, x > 0, then /a(x) > e"^ — 1 — x > 0. 
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If a = 1, then /f (x) = — e"^ < and, consequently, fi{x) < for every x > 0. If 
a > 1, then fa{x) < fi{x) < for every a; > 0. 

If 1 < a < 1, then fa{+oo) = +oo and (0) = 1 — 2a < 0. Consequently, faix) 
does not preserve a sign on (0, +oo). □ 

Lemma 6.4. 1. If for some u > 0, b > 0, u E the function {t^ + hYSy{t,u) 
increases (decreases) with respect to t E [0,+oo), then, for every < jj, < u 
the function (t^ + 6)^S'^(t, m) strictly increases (strictly decreases) with respect 
to t G [0, +oo). 

2. If for some u > 0, b > 0, u > —1, the function if' + hY Sy{t, u) increases with 
respect to t E [0,+oo), then, for every 0<fi<h',0<a<b the function 
(t^ + a)^5'^(t, u) strictly increases with respect to t E [0, +oo) and, for t > 0, 
the inequality iiif' + aYS^{t,u) < 1 take place. If, in addition, (/i, a) 7^ (z^, &) 
then, for t > 0, the inequality ^ ((t^ + a)^S^{t,u)) > take place. 

Proof. The first statement we will prove by contradiction. Let us suppose that the 
function (t^ + hYSy{t,u) is monotonic with respect to t e [0, +cxo) but not strictly 
monotonic on this interval. Then 

^ {{f + hYS,{t, u)) = 2t{t^ + bY-'H,,t{t, u),t>0, where 

H,^b{t,u) = uS,it,u) - (u + l)S,+iit,u){t'' + b) , teR, 

preserve sign for t > and vanishing on some interval. The function Hy^i,{t,u) 
is analytic, for every fixed m G M, in the neighborhood of any real point, the, by 
the uniqueness theorem for analytic functions, Hi^^b(t,u) = for every t G M. The 
asymptotic representation (12.3ip implies that 



00 



(6.16) H.,{t, u)^^^ r(.+ l)r(A:) ' ^ ^ +^ ' 

and, consequently, B2k{—u) — b B2k-2{—u) = for every G N. It is easy to check 
that the system of equations has no solutions (it is enough to check it for = 1, 2, 3). 
Statement 1, for /i = z/ proved. If < < u, then the equality (16.21) implies that 
the sign of -ff^,b(t, u) is equal to the sign of H^ hlJ., u) for t > 0. 

Let us prove the statement 2. Let us suppose that the function {t^ + bYSy(t,u) 
increasing with respect to t G [0, +00) for some z/ > 0, 6 > 0, u > —1. From what we 
already proved, this function increases with respect to t G [0, +00) and, consequently, 
Hi^^i,{t,u) > for t > 0. The condition m > — 1 implies that Sf^{t,u) > for every 
fj, > 0, t E M.. Consequently, the inequality 

H,,a{t,u) = H,,bit,u) + (6-a)(z/+ l)5,+i(t,M) > 

holds for every < a < 6 and t > 0. If, in addition, a < b then Hi^^a{t,u) > for 
t > 0. IfO</i<z/, 0<a<6 then the equality ( 16. 2p implies that H^^aii^ m) > for 
t > 0. 

Thus, for every 0</i<z/, 0<a<6 the function {t^ + a)^Sfj,(t,u) is strictly 
increasing with respect to t G [0, +00) and, consequently, the inequality 

/i(t^ + aYSJt, u) < /i lim (a;^ + aYSJx, u) = 1 
holds for t > 0. The statement 2 proved. □ 
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Proof of Theorem \2. 7i From Poisson's representation (see, for example, |19j §7.3]) 



follows the inequality \jx{t)\ < jx{0), X > t > 0. Further, for t > 0, p > 0, 
M>— l,/i>0, we use the equality (16.9p and the fact that, in the cases p — m < | or 
p — M > 1, by the Lemma [631 the function 5'p,u(x) preserves sign for x > 0. In these 
cases, for every t > 0, the inequality \d2fi+iigp,u)it)\ < \d2fi+i{gp,u){0)\ holds and is 
equivalent to the inequality f l2.32p . The Theorem 12.71 proved. □ 

Proof of Theorem \2. 8i The relations f l2.3ip and inequality f l2.29p imply that, for ev- 
ery fixed /i > and m > 0, the function S{t) = S'^(t, m), t > 0, satisfies to the 
conditions of the Theorem 12.51 for C = ^, 5i = 2/i, A = + m + Pi = 2. From the 

Theorem 12.51 (statement 3) follows that /^,u(+oo) = + u + | and, for mentioned 
a and b the inequality (|2.33l) take place. 

Let us prove the statement 1. The inequalities m^+m < m^{u) < M^{u) < (1+m)^, 
for /i > 0, M > 0, follows from the inequality (I2.23p and Remark 12.21 (the cases 1 
and 2) for the function g{x) = x~^~^, taking into account that S^{t,u) = S{u,t^), 
fp,u(t) = ^iu,t^), ^i^iu) = m{u) H M^{u) = M{u) (see (I226|)). 
To prove the inequality + u + j < M^{u) we use the inequality (|6.9p and the 
Theorem from fSQ]. Let us define, for m G M, 

Hm ■■= L ((0, 1), n L f (1, +oo), x'^dx 

(6.17) ^ 

Hl^ := L ((0, +oo), , := L UO, +oc), x"^ dx 

Theorem 6.5 (Zastavnyi [30]). 1. Let m > and f e {H^ U H^) n if^. //, 

for some fixed 6 > and e G C, the function f is bounded on (0, 6) and 
Idmifmi - e^Ufm e Hi, then dUf) e H^. 
2. Let m > and f G {Hi U H^) fl Hm- If dm{f)(t) preserves sign for t > 
and f is continuous at zero then dm{f) & H^. If, in addition, /(O) = then 
f[x) = for almost all x > 0. 

Let /i > 0, u > 0, and p = u + Let us suppose that d2^i+i{gp,u)(t) preserves 
sign for t > where the function gpu defines by equality (16. Sp . Then the function 
fix) ■■= gp,u{x), X > 0, satisfies to the conditions of Theorem [63] (for m — 2/i + 1, 
/ G Hi n Hm)- Moreover, / is continuous at zero and /(O) = 0. Therefore, 
f{x) = for almost all x > 0. But it is impossible. Therefore (see equality (16. 9p ) the 
difference — Sf^(t,u) does not preserve sign for t > and, consequently, 

+ M + I < M^{u). The statement 1 of Theorem 12.81 proved. 

The statement 2 of Theorem 12.81 immediately follows from the equality (16.11) . 

Let us prove the statement 3. Let z/ > 0, m > 0. Then 

/;„(t) = 2t ((z/5.(t,n))-^-^ (Z/ + l)^,+i(t,w) - l) . 

The last equality imply that for every < a < /5 the next three conditions 
(6.18a) fi^^t) < (<)0 , a < t < /? , 

(6.18b) i),,u{t) := ((z/ + l)5,+i(t, u))^ - (uS.it, u))^ < (<)0 , a < t < f] , 
(6.18c) f,,u{t) - fu+i,u{t) < (<)0 , a<t<(3 
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are equivalent. From the expansion {1 + x)i^ =1 + ^ + ^ ^^2^'' + 0{x^), x ^ 0, and 
asymptotic (12.3ip follows that the expansion 

{fiS^{t,u))^ = ^ + — +0 ,t^+oo 

takes place for every fi > 0. Therefore, 

, , BJ-u)-Bi(-u) ^fl\ 60^2 + 60m + 11 



2t^ \t» J 360^6 

This asymptotic implies the existence such a value t,y^u > that, for every t > t^^u, 
the inequality ipi^^uit) < holds and, consequently, the inequality fl^uit) < holds. 
Therefore, the function fu,u{t) strictly decreases with respect to t G [t^^u,+oo). 
Consequently, for every t > t^^u, the inequality fu,u{+oo) < fu,uit) < fv,u{tu,u) holds 
which is equivalent to the inequality (12.341) . The statement 3 of Theorem [23] proved. 

Let us prove statement 4. Let, for some > 0, m > 0, the inequality (12.351) 
be satisfied. From the equivalence of the of the conditions (IG.lSp . we get that, for 
every t > 0, the inequality /^^^(t) < be satisfied and, hence, the function fu,u{t) 
degreases on [0, +00). Since fu,u{t) is analytic function in the neighborhood of every 
real point then fu,u{t) strictly decreases with respect to t G [0, +00) (in the opposite 
fuuit) = on some interval and, consequently, for every t G M which contradict 
to the statement 3). Therefore, the inequality (I2.34p be satisfied for t^^u = 0, 
My{u) = /y,„(0), and my{u) = fu,u{+oo) = + m + |. From the equivalence of 
the conditions ( IG.lSp . we get, for every t > 0, the inequality fu,u(t) < be 
satisfied and, hence, my{u) < m^^i{u) < fu+i,u{+oo) = + u + ^. Therefore, 
m^+i{u) =M^ + M + |. IfO</i<z/+l then the statements 1 and 2 imply the 
inequality m,^^i{u) < m^{u) <v? + u+^ and, hence, m^{u) = + m + |. 

Let us prove that for /x G (0, z/+l] the inequality S^{t, u) < ^(^^i^^ be satisfied 
for t > 0. For /x = z/+l, this inequality follows from the inequality fu,u{t) < fu+i^t)^ 
t > 0, which we proved. We used that rrii^j^iiu) = fu,u{+oo) < fu,uit), t > 0. For 
< yU < z/ + 1, we used the equality (16.11) in which p = nif^^u) = + m + | and 
instead u we put u + 1. 

Let us prove that for every < < u, < a < u'^+u + ^, and t > 0, the inequality 
^ ((t^ + a)^Sfj,(t, u)) > be satisfied. It is already proved that the inequality (12.341) 
be satisfied for t^^u = 0. Therefore, for every t > 0, the inequality fSuit^u) < 
{t^ + 6)"'^, where 6 = + m + |, be satisfied. Taking it and inequality ( I2.35p into 
account, we get that for t > the inequality 

(z. + l)5.+i(t,n) < {vS,{t,u)f^'^ < ^^'^^^'''^ 



t^ + b 

be satisfied. The last inequality is equivalent (see (16.151) ) to the inequality 

^^{{t^ + bys,{t,u)) >o,t>o. 

Further, we apply the Lemma EH The statement 4 of Theorem 12.81 proved. 

The statement 5 immediately follows from the statement 4, because the inequal- 
ity (1235)1 proved in 1998, iov u = 1, u = 0, by Wilkins [l3|. 

The Theorem 12.81 proved. □ 
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Proof of the Theorem \2. 9i Let us first prove the statement 1. It is easy to see that 
for p > 0, yU > 0, the next equality 

(6.20) i-lMUt) = , G Z+ , t > 

holds. If, for some /i > 0, i'p,u,^l ^ ^(0, +oo) then p > and it follows from (I6.20p 
that the inequality 4'p,u,n+kit) > holds for every A; G Z+ and t > 0. Each of these 
inequalities is equivalent to the inequality p < m^^k{u). Passing to the limit in the 
last inequality as — > +oo, we get p < moo{u). 

If < p < rriooiu) then 'ipp,u,n{t) > for /i > 0, t > and consequently, by the 
equality (16.201) . ipp^u^i ^ ^(0, +oo) for yU > 0. The statement 1 proved. 
In an analogous way we prove the statement 2. 

Let us prove the statement 3. It is easy to check that forp>0,M>0,yU>0 the 
next equality 



1 



+00 



^P,uAt) = , / e-'^x''-\e-P^ - ^u{x)) dx,t>0 

L{fl + ij Jq 

holds. From this inequality and the Theorem Hausdorff-Bernstein-Widder follows 
that, for p > 0, M > 0, ;U > 0, the condition ipp,u,ii ^ ^(0, +oo) is equivalent 
to the inequality e~^^' — ipu{x) > 0, x > 0. The last inequality is equivalent to 
p < — sup^^o Taking into the statement 1, the last inequality implies the 

equality rriooiu) = — sup^j^g ^2^^^^. By the same way, we can prove that Moo('u) = 
— inix>o — x — • 

Let us prove the statement 4. The equality (12.281) imply that, for m > and 
X > 0, the strict inequalities v?' + u < _llL^M <: {u + 1)^ holds. It is obviously that, 
for every fixed u > 0, the relation (pu{x) = 2x{u + l)e~'^^"+^)^(l + o(l)), x +oo, 
holds. This relation and the Example 12.11 imply that next equalities 

lim = u + u + - , lim = {u + 1) 

x^+o X 6 X 



hold. Therefore, 



rriooiu) = inf > u + u , moo{u) <u + u^ — , 

x>o X 6 

n9 , lnQ3M(x) / X lno9„(a;) , ,n 
{u + lf= lim < Moo(m) = sup ^-^^<{u + lf. 

x^+co X x>0 X 

The Theorem 12.91 proved. □ 

Proof of the Theorem \2.11[ Let us prove the sufficiency in the statement 1. 

Let u > and < p < ^/m^jjij. From the Theorem 12.91 follows that, moo{u) > 0. 
The equality (16.91) and right hand side of (12.331) imply that, for every /i > and 
< p < ^/rriooiu), the inequality ^2ti+ii9p,u)it) > 0, t > 0, holds. Next, we use 
the connection (16. 7p between Hankel's transform and Fourier's transform of radial 
functions. Then, by the Bochner's Theorem, we obtain Qp^u ^ <l>(/^+^), for each 
m e N and < p < a/ rriaoiu). The convergence Qp^u 9o,u, as p ^ +0, implies 
go,u £ '^'(^™^^), for every m G N. Then, by Schoenberg's Theorem, gp^u G '^'(^2) for 
every < p < a/ moo{u). The sufficiency in the statement 1 proved. 

Let us prove the necessity in the statement 1. Let gp^u G ^{h)- Then, by Schoen- 
berg's Theorem, gp^u £ *&(^r^^), for every m E N. Boundedness of every positive 
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definite function implies p > 0. If p > then, by Bochner's Theorem and equal- 
ity (ElD, the inequality d2,im+ii9p,u){t) > 0, where t > 0, holds, for every /x^ = f, 
m G N. The equality (16.91) and right hand side of f l2.33p imply p < \/Tn^^{u), 
m E N. Passing to the limit, as m oo, and taking into account (12.361) . we get 
P < \/moo(M). The necessity of statement 1 proved. 

We can prove the statement 2 in the same way that the statement 1 does. We 
consider the left hand side inequality in (12.331) instead the right hand side in (I2.33p . 

The statement 3 follows from the next equivalent statements: 

a) The inequality ^ {t'^''S^{t,u)} > holds, for every t>0 and > 0. 

b) The inequality ^ {t'^^' S ^(t , u)} > holds, for every t > and = f , m G N. 

c) The inequality —d2fj.+i{h'^)it) > holds, for every t > and /i = y, m G N. 

d) -iiKix)) G men. 

The Lemma [63] implies the equivalence the statements a and b. The equality (16.110 
implies the equivalence of b and c. The equality (16.71) and Bochner's Theorem im- 
plies the equivalence of c and d. The Schoenberg's Theorem implies the equivalence 
of d and e. 

The Theorem 12.111 proved. □ 
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